The entrained flow of an electrically conducting non-Newtonian, viscoelastic second grade fluid due to an axisymmetric stretching surface with partial slip is considered. The partial slip is controlled by a dimensionless slip factor, which varies between zero (total adhesion) and infinity (full slip). Suitable similarity transformations are used to reduce the resulting highly nonlinear partial differential equation into an ordinary differential equation. The issue of paucity of boundary conditions is addressed, and an effective numerical scheme has been adopted to solve the obtained differential equation even without augmenting the boundary conditions. The important findings in this communication are the combined effects of the partial slip, magnetic interaction parameter and the second grade fluid parameter on the velocity and skin friction coefficient. It is observed that in presence of slip, the velocity decreases with an increase in the magnetic parameter. That is, the Lorentz force which opposes the flow leads to enhanced deceleration of the flow. Moreover, it is interesting to find that as slip increases in magnitude, permitting more fluid to slip past the sheet, the skin friction coefficient decreases in magnitude and approaches zero for higher values of the slip parameter, i.e., the fluid behaves as though it were inviscid. 
Introduction
The study of laminar boundary layer flow over a stretching sheet has received considerable attention in the past due to its applications in the industries, for example, materials manufactured by extrusion processes, the boundary layer along a liquid film in condensation processes and heat-treated materials traveling between a feed roll and the wind-up roll or on a conveyor belt pose the features of a moving continuous surface. In view of these applications Sakiadis [1] initiated the study of boundary layer flow over a continuous solid surface moving with constant speed. Due to the entrainment of the ambient fluid, this boundary layer is quite different from that in the Blasius flow [2, 3] past a flat plate. It is often tacitly assumed that the sheet is inextensible, but situations may arise in the polymer industries in which it is necessary to deal with a stretching plastic sheet. This is bound to alter significantly the boundary layer characteristics of the flow considered by Sakiadis [1] . The steady two-dimensional laminar flow of an incompressible, viscous fluid past a stretching sheet has become a classical problem in fluid dynamics as it admits an unusual simple closed form solution, first discovered by Crane [4] . In fact, realistic stretching of the sheet may not necessarily be linear. Many authors [5, 6] have dealt with this situation. Moreover, the flow past a stretching sheet need not be necessarily two-dimensional, because the stretching of the sheet can take place in a variety of ways. If the flow is axisymmetric, an exact closed form solution does not seem to exist [7] [8] [9] [10] [11] . The analytic solution for the axisymmetric flow of a viscous fluid over a nonlinearly stretching sheet has been considered by Sajid et al. [12] . The unsteady axisymmetric flow and heat transfer of a viscous fluid has been investigated by Sajid et al. [13] . All of the above investigations were restricted to the flows of Newtonian fluids. Many materials such as polymer solutions or melts, drilling mud, clastomers, certain oils, greases and many other emulsions are classified as non-Newtonian fluids. There are many models describing the properties of non-Newtonian fluids. These models or constitutive equations, however, cannot describe all the behavior of theses non-Newtonian fluids, for example, normal stress differences, shear thinning or shear thickening, stress relaxation, elastic effects and memory effects etc. A rigorous study of the boundary layer flow of different non-Newtonian fluids past a stretching sheet was required due to its immense industrial applications. Rajagopal et al. [14] considered the flow of a viscoelastic second order fluid past a stretching sheet and obtained the numerical solution of the fourth order nonlinear differential equation. Andersson [15] and Ariel [16] reported the analytical closed form solutions of the fourth order nonlinear differential equations arising due to the MHD flow of viscoelastic Walters' B' fluid and the second grade fluid, respectively. Further, one can refer to the work of Liu [17] and all the references therein regarding the flow and heat transfer of viscoelastic second grade fluids with diverse physical effects. Recently, Sahoo and Sharma [18] carried out an analysis studying the existence, uniqueness and behavior of the fourth order nonlinear coupled ordinary differential equations arising due to the flow and heat transfer of an electrically conducting second grade fluid past a stretching sheet. Ariel [19] adopted an effective numerical method to study the flow of a viscoelastic second grade fluid past an axisymmetric stretching sheet. Subsequently, Hayat and Sajid [20] extended the problem considered by Ariel [19] by incorporating the energy equation. Recently, Hayat et al. [21] obtained the analytical solution of the three-dimensional flow of a viscoelastic fluid over a stretching surface.
A common feature of the above investigations and all the associated references is the assumption that the flow field obeys the conventional no-slip condition at the sheet, i.e., the velocity component ( ) parallel to the sheet becomes equal to the sheet velocity U = C at the sheet. In certain situations, however, the assumption of no-slip no longer applies and should be replaced by the partial slip boundary condition [22] . The inadequacy of the no-slip condition is evident for most of the non-Newtonian fluids. For example, polymer melts often exhibit macroscopic wall slip, in general governed by a nonlinear and monotone relation between the slip velocity and the traction. This may be an important factor in shear skin, spurt and hysteresis effects. Also, the fluids that exhibit boundary slip have important technological applications such as in the polishing of artificial heart valves and internal cavities.
Wang [23] considered the influence of partial slip on the flow of a viscous fluid over a stretching sheet. He obtained the solution numerically by adopting the shooting method along with the fifth order Runge-Kutta method. Andersson [24] discussed the partial slip effects on the flow characteristics of a viscous fluid by finding an exact analytical solution for the problem considered by Wang [23] . It is noteworthy to mention that the solution obtained by Andersson [24] is an exact solution of the Navier-Stokes equations, and as such formally valid for any Reynolds number. Ariel [8] studied the steady, laminar, axisymmetric flow of a Newtonian fluid due to a stretching sheet with partial slip boundary condition. Unlike the case of two-dimensional flow (see Ref. [24] ), the axisymmetric flow problem with partial slip does not admit an exact solution. This affords a number of interesting techniques and algorithms for obtaining the solution. Very recently, Wang [25] revived an interest in the viscous flow due to a stretching sheet with slip and suction. In this study, he considered both the two-dimensional and the axisymmetric cases. For a two-dimensional stretching sheet, a closed form solution is found and uniqueness is proved. For an axisymmetric stretching sheet, both existence and uniqueness are shown, and since there are no closed form solutions, numerical solution of the axisymmetric case is obtained. In all the above mentioned studies, no attention has been given to the effects of partial slip on the flow of any nonNewtonian fluid over a stretching sheet. Ariel et al. [26] tried to fill this gap, and have studied the effects of partial slip on the flow of an elastico-viscous Walters' B' liquid over a stretching sheet. They reported an analytical solution of the governing boundary layer problem. Recently, Hayat et al. [27] obtained analytical solution of the slip flow and heat transfer of a second grade fluid past a planar stretching sheet. It seems that there has been relatively little information regarding the joint effects of the partial slip and the non-Newtonian flow parameters on the flow due to a stretching sheet. The axisymmetric flow of a non-Newtonian fluid due to a stretching sheet when there is partial slip at the boundary is an equally important and interesting problem that remains unexplored so far. The objective of the present study is to investigate the effects of partial slip on the MHD flow of an electrically conducting second grade fluid past an axisymmetric stretching sheet. To the best of our knowledge, no attention has been given to the MHD boundary layer flow of a second grade fluid over an axisymmetric stretching sheet with partial slip boundary condition.
Formulation of the problem
We consider the steady, laminar flow of an electrically conducting second grade fluid over a stretching sheet which is placed in the plane = 0 and is stretched, keeping the origin fixed, along the radial direction with a velocity proportional to the distance from the origin (see 
Flow analysis
The equations of motion and continuity are
and ∇ · V = 0 (2) where ρ is the density of the fluid assumed to be constant, T is the Cauchy stress [28] for an incompressible homogeneous fluid of grade two and J is the electric current. The term due to the Lorentz force (J × B) is simplified by making use of the following relevant assumptions [29] :
• all physical quantities are constant,
• the magnetic field is perpendicular to the velocity field,
• the induced magnetic field is small compared to the applied magnetic field,
• the electric field is assumed to be zero.
These assumptions are valid when the magnetic Reynolds number is small and there is no displacement current. It is natural to work with cylindrical polar coordinate system ( φ ). In view of the symmetry, 
where σ is the electrical conductivity of the fluid, and the non-vanishing physical components T , T φφ , T and T of T are given by
The continuity Eq. (2) takes the form
The appropriate Navier's boundary conditions (see Ref. [22] ) of the velocity field are,
where C > 0 is the constant of proportionality relating to the stretching of the sheet, λ 1 is the slip coefficient having dimension of length and ν is the kinematic viscosity. Problems of the kind under consideration admit similarity solutions. We find that the transformations
reduce the Navier-Stokes equations to ordinary differential equations. From Eq. (3), we obtain
and Eq. (4) simplifies to
where a prime denotes the derivative with respect to ζ. Integrating Eq. (13) with respect to ζ, we obtain,
where ( ) is an arbitrary function of .
Substituting from Eq. (14) into Eq. (12), we obtain, ( )
where 
Integrating the above equation with respect to , we obtain,
where 0 is the constant of integration. Substituting the expression for ( ) from Eq. (17) into Eq. (14), we get an explicit expression for the pressure at any point in the fluid, which is given by
Since, the entire motion of the fluid is due to the stretching of the sheet, the pressure far away from the sheet must be given by Bernoulli's equation, i.e., + 1 2 ρ 2 = constant, and this implies A = 0. Hence, from Eq. (15), we obtain,
But for the second grade fluid model, we have
With the help of conditions (20), we obtain the following fourth order highly nonlinear differential equation for :
which is to be solved under the following partial slip boundary conditions:
where λ = λ 1 C ν is the non-dimensional parameter indicating the relative importance of partial slip. Another quantity of interest in the boundary layer flow is the local skin friction coefficient or frictional drag coefficient, which is related to the wall shear stress T | =0 , and is given by
which in terms of the dimensionless quantities is
where R = C 2 ν is the local Reynolds number based on the length scale .
Numerical solution of the problem
At this point one can see that the order of the Eq. (21) is four, but there are only three available adherence boundary conditions, out of which the known boundary conditions are two, in contrast to the no-slip case [19] . In fact, the equations governing the flow of fluids of second grade are of higher order than the Navier-Stokes equations because of the presence of the term
in the expression for the stress and since only the adherence boundary condition pertains, we do not have enough boundary conditions to make the problem determinate. The above nonlinear equation under the relevant boundary conditions is solved by a similar numerical scheme as described in [19, [30] [31] [32] [33] [34] . The semi-infinite integration domain ζ ∈ [0 ∞) is replaced by a finite domain ζ ∈ [0 ζ ∞ ), where ζ ∞ is sufficiently large. In this case, the extra boundary condition to be used implicitly is (0). Using the boundary conditions (22) in (21), we obtain,
However, since (0) and (0) are not known a priori, in contrast to the no-slip condition (where (0) = 1), one has to rely on the shooting method to get the correct value of (0) for comparatively small values of the flow parameters. In practice, we have made initial guesses on (0) and (0). Then (0) can be obtained from (0) and (0) by using Eq. (25) . Thus, now we have four boundary conditions at ζ = 0, which are sufficient to solve Eq. (21) as an initial value problem using any standard routine. In this work, the fourth order Runge-Kutta method has been adopted to solve the initial value problem. The guesses on (0) and (0) are improved using Broyden's method [35, 36] so as to satisfy the boundary conditions at infinity, namely (∞) = 0. Broyden's method is quite efficient in the sense that it avoids the calculation of the Jacobian matrix (contrary to Newton's method) by obtaining approximations to them involving only function values. The use of Broyden's method has helped us in achieving the greatest accuracy with the least computational cost. To explain the solution scheme developed in this work, we start by introducing the following variables:
The governing Eq. (21) can then be written as
The boundary conditions become
We now introduce a mesh defined by
where is a sufficiently large number. Using the first order approximations, (30) we rewrite Eq. (27) as
Note that in Eqs. (32) and (33), the first order approximations for the derivatives have been used, but centered at the point ( + 1 2 ). Thus, the discretization scheme has an accuracy of O( ). To construct the rest of the solution, we proceed as follows. We obtain the values of 1 1 (= (0 + )), 1 2 (= (0 + )) and 1 3 (= (0 + )) by Taylor series expansion near ζ = 0. During these expansions, the values of (0) and (0) are required, which are already found by the shooting method. The value of (0) can be found from (25 (32) and (33) and subsequently used in (31) to get 3 3 . The order indicated above is followed for the subsequent cycles, straightforwardly up to = . At that point, ( ) 2 , or equivalently (ζ ∞ ), is compared with the given boundary conditions at ζ ∞ . The initial guesses on (0) and (0) are corrected using Broyden's method until the convergence criterion is satisfied. It is noteworthy to point out that a serious problem is encountered if one discretizes Eq. (27) by a second order central difference approximation. In fact, with the central difference approximation, Eq. (27) can be discretized as
which can be readily solved for +1 3 to yield,
The trouble in using Eq. (35) is that, because K > 0, as the integration proceeds, the denominator changes its sign, even for the partial slip case. At the point where this transition occurs, the integration process breaks down. Ariel [19] has pointed out this drawback in the central difference scheme while solving the axisymmetric flow problem with no-slip boundary conditions. For the no-slip case, a remedy for this problem is to solve Eq. (34) for
instead of +1 3 , or in other words, the Eq. (27) must be integrated backwards rather than forwards. But for the present investigation with partial slip boundary condition, such a backward journey is not preferable due to the accumulation of so many unknown boundary conditions [see Eq. (28) 
Results and discussion
The method described above was translated into a FOR-TRAN 90 program and run on a Pentium IV personal computer. The value of ζ ∞ , the numerical infinity, has been taken large enough and kept invariant throughout the run of the program. If ζ ∞ is not large enough, the numerical solution will not only depend on the physical flow parameters, but also on ζ ∞ . Although the results are shown only from the surface ζ = 0 to ζ = 10 0, for higher values of the flow parameters, the numerical integrations are performed over a substantially larger domain in order to assure that the numerical solution closely approximates the terminal boundary condition → 0. To see if the program runs correctly, the results of the missing initial guess − (0) are compared with the exact numerical solution, approximate solution and homotopy perturbation method [37] [38] [39] (see Tab. 1) for a second grade fluid without slip and for a Newtonian fluid with partial slip, respectively, reported by Ariel [8, 19] , and the comparison is found to be in good agreement.
In order to have insight into the flow characteristics, results are plotted graphically in Figs. 2-9 for different choices of the flow parameters.
In Figs. 2 and 3 , we plot the non-dimensional velocity component (ζ), the mainstream velocity, against ζ for various values of K , keeping the values of the other flow parameters constant. It can be observed that (ζ) decreases with ζ for K keeping constant. Fig. 3 depicts a cross over in the velocity profile, indicating the similarity curves are not similar to each other. In fact, in presence of slip (λ = 1 0), as the value of K increases in magnitude, the flow slows down for distances close to the sheet and for distances away from the sheet, the opposite is true, contrary to the results obtained analytically by Ariel et al. [26] for the viscoelastic Walters' B' model past a planar stretching sheet. Our result seems to be physically more plausible. Since, the viscoelasticity of the fluid thickens the width of the boundary layer within which the effects of viscosity are confined and it takes longer distance for (ζ) to approach its asymptotic value zero as the value of K is increased. The reason behind such a discrepancy of results may be due to the sign of the non-Newtonian fluid parameter 1 K . However, from magnitude, permitting more fluid to slip past the sheet, the normalized fluid velocity on the boundary (0) remains less than the normalized stretching surface velocity of unity, or in other words, the flow slows down for distances close to the sheet, as was expected. In the limiting case, as λ → ∞, the resistance between the viscous fluid and the surface is eliminated and the stretching of the sheet no longer imposes any motion on the fluid, i.e., the flow behaves as though it were inviscid. Figs. 6-9 elucidate the variation of the skin friction coefficient C ( ) with different flow parameters with R = 1 0. Fig. 6 shows that in absence of slip (λ = 0), the skin friction coefficient is increased in magnitude with an increase in the viscoelastic parameter K . This prediction is of course undesirable from an industrial standpoint because it translates into a large driving force (or torque). Fig. 7 depicts the variation of C ( ) with K in presence of slip. One of the novel findings of the present investigation is that in the presence of the slip factor, the skin friction coefficient initially decreases in magnitude, reaches the minimum value (critical value not precisely determined) and then starts increasing rapidly as the value of K increases. Such a turning point is absent in the no-slip case (see Fig. 6 ). The skin friction coefficient increases in magnitude with an increase in the magnetic interaction parameter M , as is clear from Fig. 8 . It is interesting to find that (see Fig. 9 ) the skin friction coefficient decreases in magnitude with an increase in slip. As λ → ∞, C ( ) approaches zero. This implies that the frictional resistance between the fluid and the surface of the sheet is eliminated and the stretching of the sheet no longer imposes any motion of the fluid. This observation is in agreement with that reported by Andersson [24] for a nonmagnetic viscous fluid.
Conclusions
The present work is a worthwhile attempt to study the effects of partial slip on the axisymmetric flow of an electrically conducting non-Newtonian second grade fluid past a stretching sheet. The new set of slip-flow boundary conditions is aimed to accommodate the partial slip effect. The applicability of these conditions in boundary layer theory is explored, and numerical similarity solutions are presented. An effective numerical method has been adopted to solve the resulting highly nonlinear differential equation subject to the slip boundary conditions. The use of Broyden's method has indeed enhanced the efficiency of the present algorithm by reducing the computational (CPU time) time. The combined effects of the slip, magnetic parameter and the viscoelastic parameter on the velocity field and the skin friction coefficient are studied in detail. In presence of slip, it is interesting to find a turning point in the curve representing the variation of the skin friction coefficient with non-Newtonian parameter. Moreover, it is observed that as the slip parameter λ increases, permitting more fluid to slip past the sheet, the skin friction coefficient decreases in magnitude and approaches zero for higher values of the slip parameter, i.e., the fluid behaves as though it were inviscid.
